We propose a spin squeezing criterion for arbitrary multi-qubit states that is invariant under local unitary operations. We find that, for arbitrary pure two-qubit states, spin squeezing is equivalent to entanglement, and multi-qubit states are entangled if this new spin squeezing parameter is less than unity.
INTRODUCTION
The non-classical nature of quantum entanglement is a key ingredient in the rapidly developing science of quantum information. (1, 2) One of the important tasks involved is quantifying quantum entanglement, which is essential in assessing the performance of a quantum system in several applications such as quantum teleportation, (3) quantum cryptography, (4) (5) (6) quantum computation (7) (8) (9) (10) and quantum communication (10, 11) There has been an ongoing effort devoted to characterizing quantum entanglement, especially the entanglement of multi-particle states shared by several distant parties. (12) (13) (14) (15) (16) (17) (18) (19) (20) In view of the recent interest in creating and manipulating correlated collective atomic states, (21) (22) (23) (24) (25) (26) (27) (28) (29) an experimentally relevant characterization of entanglement in terms of spin squeezing (21, (30) (31) (32) (33) (34) (35) (36) (37) (38) (39) (40) (41) (42) (43) has been highlighted. (29, 44) Most studies are concentrated on collective symmetric multi-particle states where individual particles are assumed to be inaccessible. Our aim is to develop a spin squeezing criterion for a multi-qubit system that is invariant under local unitary transformations on individual qubits. The motivation for this work is to explore the fundamental connection between spin squeezing and entanglement, recognizing that entanglement is invariant under local unitary transformation. Let us first review spin squeezing criteria. Several definitions of spin squeezed states have been proposed in the literature. (29, 30, (45) (46) (47) Kitagawa and Ueda (30) pointed out that a definition of spin squeezing, based only on the uncertainty relation, (45) does not reveal quantum correlations among the elementary spins. They first identified a mean spin direction
where the collective spin operatorJ J for an N-qubit system is defined bỹ J J 1 2 P N i¼1 i with i ¼ ð x ; y ; z Þ T the Pauli vector of the ith qubit. Associating a mutually orthonormal set ðn n ? ;n n ' ;n n 0 Þ; we have another set of collective operators J ¼J J Án n ; 2 f?; '; 0g; ð2Þ which satisfy the angular momentum commutation relations. Kitagawa and Ueda (30) proposed that a multi-qubit state can be regarded as spin squeezed if the minimum of ÁJ ? of a spin component normal to the mean spin direction is smaller than the standard quantum limit ffiffiffiffi N p =2 of the spin coherent state. A parameter incorporating this feature may be defined by
and a spin squeezed state satisfies 1 < 1:
In the context of Ramsey spectroscopy on a sample of N two-level atoms, Wineland et al. (47) showed that the frequency resolution depends on the parameter
and spin squeezing manifested by 2 < 1 leads to reduction in the frequency noise. This identification opened up possible applications of spin squeezed states to high precision atomic clocks (47) and atomic interferometers. (48) Note that spin squeezing established through 1 < 1 is a necessary condition for 2 < 1; but it is not a sufficient condition since hJ 0 i N=2:
Spin squeezing, in the original sense, is defined for multi-qubit states belonging to the maximum multiplicity subspace of the collective angular momentum operatorJ J: These states exhibit symmetry under the interchange of particles. The concept of spin squeezing is therefore restricted to symmetric multi-particle systems that are accessible to collective operations alone. We explore the possibility of extending the concept of spin squeezing to multi-qubit systems, where individual qubits are controllable in the sense that they are accessible to local operations. This requires a criterion of spin squeezing that exhibits invariance under local unitary operations on the qubits. In contrast, Eqs. (3) and (4) are not invariant under arbitrary local unitary transformations on the qubits. In order to see this, consider a state of two qubits given by
in which the expectation value of the collective angular momentum hJ Ji ¼ 0; and therefore one cannot properly define spin squeezing for this state. However, under a local unitary operation U 1 U 2 ¼ 1 x ; the state jÉ 12 i transforms to
where {1} is a 2 Â 2 identity matrix. One can readily verify that the state jÉ 0 12 i is spin squeezed with the squeezing parameters of Eqs. (3) and (4) given by 1 
Therefore, the spin squeezing by either criterion is modified by a local unitary transformation. A simpler example is a product state j 1 ij 2 i; which is in general nonsymmetric. For the non-symmetric case, we find that the squeezing parameter 1 can be less than 1. This fact implies that the squeezing parameter 1 works well for symmetric states; however, for non-symmetric cases, one cannot distinguish a correlated state from an uncorrelated one.
In this paper, we provide a local unitary invariant version of spin squeezing criteria, which reveals quantum correlations for arbitrary multiqubit states. It is well known that quantum entanglement is locally unitary invariant. The local unitary invariant property of the spin squeezing criteria and quantum entanglement suggests that they may exhibit closer relations comparing with relations between the original spin squeezing criteria and entanglement.
The paper is organized as follows: In Sec. 2, we introduce two spin squeezing criteria, which are shown to be local unitary invariant. In Sec. 2, we provide relations between spin squeezing and quantum entanglement, and find that (i) for arbitrary two-qubit pure states, spin squeezing implies entanglement, and vice versa, and (ii) for an arbitrary multi-qubit state, if the local invariant version of squeezing parameter 2 is less than 1, then the state is entangled. The conclusion is given in Sec. 4.
LOCAL UNITARY INVARIANT SPIN SQUEEZING CRITERIA
Now we introduce local unitary invariant spin squeezing criteria for N qubits. We denote unit vectors along the mean orientations (mean spin directions) of the qubit i bŷ
Associating a mutually orthogonal set ðn n i? ;n n i' ;n n i0 Þ of unit vectors with each qubit, we may define the collective operators
which satisfy the usual angular momentum commutation relations. For instance,
and this leads to the uncertainty relation
Spin squeezing of N qubits, resulting from the possibility of redistributing the fluctuations unevenly between J ? and J ' ; without violating the Heisenberg uncertainty relation given by Eq. (11), may now be formulated through a quantity, which exploits the inequality ðÁJ ? Þ min < ffiffiffiffiffiffiffiffiffi ffi hJ 0 i p =2: Here the subscript ''min'' denotes the minimum value of ÁJ ? achieved by appropriate choice of directionsn n i? : Analogous to the definitions of k ; k 2 f1; 2g; we define the two spin squeezing parameters k ;
which are local unitary invariant as we show below. Therefore, we have given locally invariant versions of the original spin squeezing criteria. A system of N qubits is regarded as spin squeezed if k < 1 for k 2 f1; 2g: It may be readily verified that a N-qubit coherent spin state satisfies the minimum uncertainty relationship given by Eq. (11), with
Our definitions of spin squeezing require that N-qubit states with k < 1 exhibit reduced variance for the generalized collective angular momentum operator J ? below the standard quantum limit ffiffiffiffi N p =2 specified by coherent spin state. Now we show the key property of the spin squeezing parameter k given by Proposition 1. The spin squeezing parameters k are invariant under the local unitary operator
Proof. 
are the matrix elements of the 3 Â 3 correlation matrix (49) for a given qubit pair i; j andn n i? ¼ ðn n i?x ;n n i?y ;n n i?z Þ T : Under local unitary transformations U 1 U 2 Á Á Á U N ; the unit vectorsn n i? and the correlation matrix T ðijÞ transform as follows (49) : Here, we have used the well known fact (50) that, for every unitary transformation U i on a qubit i; there corresponds a unique 3 Â 3 orthogonal rotation matrix O i :
Using Eqs. (8) and (9), the expectation value hJ 0 i is given by
It is evident that jh i ij; being the magnitudes of the individual qubits, are invariant under local rotations on the qubits and therefore, the expectation value hJ 0 i is a local invariant quantity. & Though the minimization ðÁJ ? Þ min over all the directionsn n i? (orthogonal to the qubit orientations)appears to be non-trivial, local invariance of k leads to a simplified mathematical analysis for multi-qubit systems. For instance, we may consider a product state with each qubit being in a different state. For this case, we can always find a unitary operator U to transform this state to the symmetric product state j0i Á Á Á j0i; for which the squeezing parameters k are easily found to be 1. This simple example indeed displays that when the quantum correlations do not exist, the spin squeezing parameter cannot be less than 1. As we see from the last example, we can transform some nonsymmetric states into states that are symmetric under any permutation of the particles. Each of the NðN À 1Þ=2 pairs of qubits, extracted from a symmetric state, has identical bipartite reduced density matrices, with real symmetric correlation matrix T : Thus, with a choice of common orientation ðn n ? ;n n ' ;n n 0 Þ of coordinate axes, which can be achieved through local unitary transformations U so that ðn n i? ;n n i' ;n n i0 Þ ! ðn n ? ;n n ' ;n n 0 Þ ð 18Þ
for all the qubits, the correlation matrices T ðijÞ of all the pair qubits transform simultaneously to the real symmetric matrix T leading to
for symmetric multi-qubit systems. Permutation symmetry further implies that the mean value hJ 0 i satisfies
Then, the local invariant spin squeezing parameters k of Eq. (12) reduce to a simple form, namely,
It may be readily observed that the local invariant parameters k reduce to the spin squeezing parameters k of Eqs. (3) and (4) for symmetric multi-qubit systems. In other words, the parameters k provide a natural characterization of collective spin squeezing in symmetric multi-qubit systems-being equal to k -ensuring further that local unitary operations on the qubits do not increase (reduce) them. Specifying the common orientation directionn n of the qubits to be along the z-axis, without any loss of generality, such that n n ? ¼ ðcos ; sin ; 0Þ; the minimum value of the quadratic form ðn T ? T n ? Þ min is given by
and the local invariant spin squeezing parameter k for symmetric multiqubit systems are obtained by substituting the above equation into Eq. (21). For intrinsically non-symmetric multiqubit states, a common orientation ðn n ? ;n n ' ;n n 0 Þ for all the qubits (see Eq. (18)) does not lead to identical bipartite density matrices for the qubit pairs involved. However for intrinsically non-symmetric multi-qubit systems, one can obtain an analogous transformation as that of Eq. 
where
is the sum of transformed correlation matrices of all the NðN À 1Þ=2 pairs of qubits, so that Eq. (12) becomes
where we have used the fact that the quadratic form n T ? Tn ? ; of Eq. (23), involving a non-symmetric matrix T; can be expressed as a symmetric quadratic form
It is now easy to identify the minimum value of the qudratic form ðn T ? S n ? Þ min :
with an appropriate choicen n ¼ ð0; 0; 1Þ for the common orientation axis and the local invariant spin squeezing parameter k for intrinsically nonsymmetric multi-qubit systems are obtained by substituting this minimum value into Eq. (24). The generalized collective spin operators (defined through Eq. (9)) of a multi-qubit spin squeezed state can be represented geometrically by an elliptical cone of local invariant height hJ 0 i; centered along the z-axis (common qubit orientation direction) , semi-minor and semi-major axes of the ellipse being ðÁJ ? Þ min and the corresponding value ÁJ ' respectively. In contrast, the coherent spin state is depicted by a circular cone. This geometric picture of the spin squeezed state vs. the spin coherent state demonstrates that indeed squeezing is present, which can be measured provided that individual control over the qubits is allowed.
Recognizing that both the spin squeezing parameter k and quantum entanglement are invariant under local unitary transformations, we next investigate the relations between spin squeezing and entanglement.
RELATIONS TO QUANTUM ENTANGLEMENT
Spin squeezing is closely related to, and implies, quantum entanglement. (29, (51) (52) (53) (54) As the spin squeezing criteria we propose satisfy local unitary invariance, a close relation between these criteria and quantum entanglement is expected.
Two-Qubit States
To see the relations of the local unitary invariant spin squeezing to quantum entanglement, let us examine the arbitrary two-qubit pure state given by
Up to local unitary operations, we can express the state jÈ 12 i using Schmidt decomposition through
where the Schmidt coefficients 1 and 2 are related to ; ; ; and by
It is easy to see that
in the standard basis j00i; j01i; j10i; j11i and the local invariant spin squeezing parameters are found to bẽ
Identifying now that the concurrence C (55) is related to the Schmidt coefficents 1 ; 2 through C ¼ 2 1 2 ¼ 2jð À Þj; and expressing jð (30), we obtain quantitative relations between spin squeezing parameters and the concurrence:
which reveal that local invariant spin squeezing and quantum entanglement are equivalent for arbitrary two-qubit pure states. This one-to-one relation between spin squeezing and entanglement implies that we can use k as a measure of entanglement for pure bipartite states of qubits. However, it should be noted that the maximum spin squeezing characterized by 1 ¼ 0 and 2 ¼ 1= ffiffi ffi 2 p for C ¼ 1 (maximally entangled states) is realized in the limit of C ! 1; since the qubits have no preferred orientation in space ðh i i ¼ 0Þ when they share a maximally entangled state.
It has been shown earlier (51) that for a pure symmetric state of pair qubits (with ¼ in Eq. (27) ), the concurrence quantifying two-qubit entanglement (55) is related to the spin squeezing parameter 1 of Eq. (3) through C ¼ 1 À 2 1 ; thereby implying the equivalence between spin squeezing and quantum entanglement. However, the squeezing parameter 1 cannot be applied to non-symmetric state jÈ 12 i with 6 ¼ as the parameter can be less than unity even for a non-symmetric product state. In other words, the spin squeezing criterion 1 < 1 cannot distinguish an entangled state from a non-entangled one. The relationship Eq. (31) between the local invariant spin squeezing parameter k and the concurrence, for a pure state of two qubits given by Eq. (31), therefore provides a generalization of the earlier result (51) applicable to both symmetric as well as nonsymmetric pure states of two qubits.
Multi-Qubit States
We now examine the relations between spin squeezing and quantum entanglement for arbitrary multi-qubit states. For all separable N-qubit states, it was shown earlier (29) that the original spin squeezing parameter 2 ! 1: Extending this proof to 2 would be useful as it is a local invariant quantity and establishes closer relationship with quantum entanglement as we have seen in the case of two qubit pure states.
For separable states, we have Proposition 2. For all separable N-qubit states, 2 ! 1:
Proof. Along similar lines of proof 2 ! 1; (29) we now give the proof. A separable state can be written as
Calculating the variance of J ? ; we find
Using the condition
we obtain
where the last inequality follows from the Cauchy-Schwarz inequality, and the last equality from
in the separable state. Therefore, we obtain the inequality
which leads to the result that 2 ! 1 for all separable states. &
In this way, local unitary invariant spin squeezing characterized bỹ 2 < 1 serves as a signature of quantum entanglement. Identification of quantum entanglement in N qubits, detected with the help of 2 is mathematically simpler and does not require the full knowledge of the multiqubit state. However, it is important to realize that this characterization of entanglement serves as a sufficient criterion, not a necessary one and there will still be entangled states, which do not exhibit local invariant spin squeezing.
CONCLUSION
In conclusion, we have proposed a local invariant criterion of spin squeezing in multi-qubit systems, which is applicable for arbitrary multiqubit states. Direct measurement of spin squeezing with local unitary invariance would of course require individual control of qubits. Due to the local unitary invariant property of the spin squeezing criteria and quantum entanglement, we find that (i) for arbitrary two-qubit states, spin squeezing is equivalent to quantum entanglement, and (ii) for arbitrary multi-qubit states, we find that the squeezing parameter 2 < 1 implies quantum entanglement. The inequality 2 < 1 serves as a sufficient condition for entanglement.
